I. Introduction.
The numerical integration of certain heat conduction equations was treated by the author in [1] . The case considered there dealt with the transfer of heat in a one-dimensional finite slab composed of materials possessing variable thermal properties, subject to appropriate initial and boundary conditions.
The purpose of this note is to extend the previous discussion to include the phenomenon of melting. In carrying out this extension it turns out to be advisable to modify the numerical technique of integration used in [1] by going to unequal subdivisions in both space and time variables. Near the melting surface, where the changes of temperature may be very pronounced, it is advantageous to choose rather small integration steps. Farther away from the melting surface, on the other hand, where the temperature may change rather slowly, a more economic treatment of the integration process may be achieved by taking relatively large intervals in the independent variables. In the following sections, then, the physical situation is first defined, and the governing mathematical equations are stated. These differential equations are next replaced by analogous difference equations, and the resulting truncation terms are noted. It turns out that the stability characteristics of the method are quite similar to those established in [1] , As numerous calculations carried out on the IBM 704 machine by means of a program based on some of the equations discussed here have shown, the procedure derived in this note leads to quite satisfactory results.
II. System of differential equations. Let us consider, then, the one-dimensional conduction of heat in a solid slab consisting of one material, and extending from x = 0 to x = a, with the surface at x = a to be insulated. Through the face initially located at x = 0 let heat enter at the rate q(t). Let it further be assumed that the amount of heat flowing through the frontal face is at times sufficiently large to raise the frontal temperature to the melting temperature um of the material, thus actually setting off the melting process, and continuing it until the temperature drops temporarily below um . If, upon melting, the liquid material is assumed to be removed instantaneously the "frontal" face of the solid is seen to move forward, to a position x = s{t) at time t. Of interest then is the temperature u = u(x, t), and the amount sit) melted.
The basic equations governing the melting problem described above are:
where c, p, k denote known functions of the temperature u.
Initially,
At the frontal face
with s'(t) = 0 for u(s, t) < um s(t) > 0 for u(s, t) = u"
At the back face, (du/dx) = 0, x = a, t > 0.
As pointed out by Landau [2] , the numerical treatment of the problem is simplified somewhat by the removal of the moving boundary, by means of the transformation
Clearly above equations then become.
with -5^1 (f) = «<» -s'(t) = 0 for {7(0, t) < um s'(t) > 0 for (7(0, t) = u". In the subsequent numerical treatment extensive use is made of the relationships:
which expresses the presumably existing derivatives of an arbitrary differentiable function w(z) evaluated at z = z0 in terms of the divided differences based on the points (z, , w<), i = 0, 1, 2, • • • :
in Eq. (10) As to the nature of the function x = s(<), it must clearly be continuous, and possess a non-negative derivative s(t) except for a finite number of values t, at which either s(tj+) or s(tj-) vanishes.
IV. Equation for the melting rate. For the following discussion it is convenient again to re-write Eq. [6] in the form:
In deriving suitable difference equations let us consider first the equation (8) governing the heated surface | = 0. At time tj+1 , by Eq. (8a),
For the following considerations it is necessary to distinguish two cases, depending upon whether the surface temperature at tj+1 is below or at the melting point um . Let us assume now that a -<r<n) > b holds for all n; this is obviously a practical assumption. Then \d{A.,+1~2L V<+1 + Vi there is obtained, after some calculation, with p( = Vi+i/V< ,
fFor convenience in writing the subscript j + 1 has been deleted in some of the following equations. 
It follows, then, that the system of differential equations (1), (2), (3) may be approximated by the following system of difference equations:
To.,+1 = um , VII. Applications. In testing the method described above one may conveniently use the case of the semi-infinite slab of a material which possesses constant thermal properties 7c, c, p. If it is further assumed that the heat input q, and the initial temperature distribution f(x) = u0 are constant, then the solution, before melting starts, of the problem is given by [4] u(x, t) -u0 = M'exp 
Further, as Landau [2] pointed out, there exists a steady state solution of the system of differential equations (1), (2), (3) 
s(t) -> s" = sat -kq~\um -M0)
and, in general, s' < si , Sco < s(t) < s"(i -tm).
